We give a generalization of well-known Valiron-Titchmarsh theorem on entire functions with negative zeros. Namely, we prove that (−1) p log P (r) ∈ ER [p, p+1] , where P (r) denotes the canonical product of an entire function with genus p and almost negative zeros and ER is the class of extended regular variation.
INTRODUCTION
We begin with some basic definitions from Karamata's theory of Regular Variation (cf. [1] , [2] ). 
for some constants a, b. More specifically, in this case we write f ∈ ER [a, b] .
It is obvious that R ⊂ ER.
The Theory of Regular Variation is very well developed (cf. [1] , [2] ) and has many applications in Analysis, Probability Theory, Number Theory, Theory of Distributions etc. One of the brightest examples of this sort is Valiron-Titchmarsh Theorem on entire functions of finite order ρ with negative zeros only (cf. [1, pp. 301-308] ). Roughly speaking, it asserts that c ρ log P (r) ∈ R ρ if and only if n(r) ∈ R ρ , where P (z) is the canonical product with negative zeros and n(r) denotes the number of zeros in the circle |z| ≤ r.
In the case of non-integral order one obtain that c ρ = 1 π sin πρ.
Recall that the canonical product with zeros z 1 , z 2 , . . . is
where p is its genus i. e. the least non-negative integer such that
converges.
The Hadamard Factorization Theorem states that an entire function g of finite order ρ, p ≤ ρ ≤ p + 1, with zeros z 1 , z 2 , . . . may be written in the form
where m is the order of z = 0 as a zero of g and Q is a polynomial of degree ≤ ρ. It will be proved here that for the canonical product P with a genus p and negative zeros, (−1) p log P (r) ∈ ER [p,p+1] without any assumption on the distribution of zeros.
RESULTS
If z 1 , z 2 , . . . are the zeros of P (z) with genus p ≥ 0, then there exist positive constants C n,p such that
If lim n→∞ C n,p = 0, the zeros are oriented and for this class results similar to ValironTitchmarsh Theorem are obtained by Bowen [3] . |π − arg z n | ≤ C p holds for some constant C p , 0 < C p < π/2 and each n ∈ N. Hence, almost negative zeros belong to some angle in the left complex halfplane including the negative part of the real axis.
Denote by A p the class of zeros satisfying (2) with C p = π 2p + 4
. Then the following assertion holds.
Theorem A. If the canonical product P (z) is formed by the zeros from the class A p and is real on the real axis, then
Proof. Taking the logarithmic derivative in (1) we obtain
Hence, for λ > 1 we get
,
.
For a ∈ A p and n ≤ p + 2, we have (a n ) = (−1) n b n with b n ≥ 0. Since P (r) = 0, from (3), (4) and (5), after some calculation we obtain
Now, since P (0) = 1 and P (r) is real and continuous on the positive part of real axis, by (6) we get
Analogously by the second part of (6), for r > 0 we obtain
and the proof is done. Remark 2. Inequalities (6) hold for all λ > 1 and r > 0; hence (6) is stronger result than the result of the theorem (which is stated in terms of lim inf and lim sup).
Corollary 1. If the canonical product P (z) with genus p is formed by negative zeros only, then
without any assumption on the distribution of zeros.
We illustrate this point by an example.
According to the Hadamard Factorization Theorem, the class A of entire functions with negative zeros and genus zero is represented by
where {a k } we have log f
